We prove that, given a finite graph Σ satisfying some mild conditions, there exist infinitely many tetravalent half-arc-transitive normal covers of Σ. Applying this result, we establish the existence of infinite families of finite tetravalent half-arc-transitive graphs with certain vertex stabilizers, and classify the vertex stabilizers up to order 2 8 of finite connected tetravalent half-arc-transitive graphs. This sheds some new light on the longstanding problem of classifying the vertex stabilizers of finite tetravalent halfarc-transitive graphs.
Introduction
Let Γ be a graph and let G be a subgroup of the automorphism group Aut(Γ) of Γ. We say that G is vertex-transitive, edge-transitive or arc-transitive if G acts transitively on the vertex set, edge set or the set of ordered pairs of adjacent vertices, respectively, of Γ. If G is vertex-transitive and edge-transitive but not arc-transitive, then we say that G is half-arc-transitive. The graph Γ is said to be half-arc-transitive if Aut(Γ) is half-arc-transitive.
Numerous papers have been published on half-arc-transitive graphs over the last half a century (see the survey papers [5, 11] ), most of which are on those of valency 4, the smallest valency of half-arc-transitive graphs. However, somewhat surprisingly, not so many examples of tetravalent half-arc-transitive graphs are known in the literature (see [16] ), compared with the considerable attention they have received.
For a graph Γ and a group N such that N is normal in G for some vertex-transitive subgroup G of Aut(Γ), the normal quotient Γ/N is the graph whose vertex set V (Γ/N) is the set of N-orbits on the vertex set V (Γ) of Γ, with an edge of Γ/N between vertices ∆ and Ω if and only if there is an edge of Γ between α and β for some α ∈ ∆ and β ∈ Ω. Such a graph Γ is called a normal cover of the graph Γ/N. Broadly speaking, in this paper, given a graph Σ satisfying some mild conditions, we establish the existence of infinitely many tetravalent half-arc-transitive graphs that are normal covers of Σ.
Let p be a prime number. For a positive integer m, denote the largest power of p dividing m by m p . Moreover, given a group X, let O p (X) denote the largest normal p-subgroup of X. Our main result is as follows. Theorem 1.1. Let Σ be a finite connected tetravalent graph and let T be a nonabelian simple half-arc-transitive subgroup of Aut(Σ). Then, for each prime number p, such that p > |T | 2 and p is coprime to |T |, there exists a finite connected tetravalent graph Γ satisfying the following: (a) Γ is half-arc-transitive;
(b) Aut(Γ) has vertex stabilizer isomorphic to that of T ; (c) O p (Aut(Γ)) = 1, Aut(Γ)/O p (Aut(Γ)) ∼ = T and Γ/O p (Aut(Γ)) ∼ = Σ.
Although it is not hard to construct a graph Γ with a half-arc-transitive group G of automorphisms, it is in general not known whether Aut(Γ) is larger than G to possibly make Aut(Γ) arc-transitive on Γ. In this sense, the significance of Theorem 1.1 is asserting the existence (under some mild conditions) of infinitely many half-arc-transitive graphs which are normal covers of a given connected tetravalent graph, even if the given graph is not itself half-arc-transitive. Thus, with the help of Theorem 1.1, one can construct infinitely many connected tetravalent half-arc-transitive graphs with some exotic vertex stabilizers, and we will present some examples in this paper.
For a half-arc-transitive graph Γ, the vertex stabilizer in Aut(Γ) will be called the vertex stabilizer of Γ. It is not hard to construct half-arc-transitive graphs with abelian vertex stabilizers (see for instance [12] ). However, half-arc-transitive graphs with nonabelian vertex stabilizers are much more elusive and the problem of constructing half-arc-transitive graphs with nonabelian vertex stabilizers has received extensive attention and considerable effort (see for instance [4, 5, 17, 18] ). The first infinite family of half-arc-transitive graphs with nonabelian vertex stabilizers was only constructed very recently in [18] . The vertex stabilizers in [18] 
for integers m with m 7. In Example 3.3 we construct a finite connected tetravalent graph Σ m for every integer m 4 such that Σ m admits a half-arc-transitive action of the alternating group A 2 m with vertex stabilizer D 8 ×C m−3 2 . Then, by applying Theorem 1.1 to the graphs in Example 3.3 and to the graphs in [18] , we obtain the following result: A group H = a 1 , . . . , a m is said to be concentric if | a i , . . . , a j | = 2 j−i+1 for all 1 i < j m and there exists a group isomorphism ϕ : a 1 , . . . , a m−1 → a 2 , . . . , a m such that a ϕ i = a i+1 for i = 1, . . . , m − 1. The study of concentric groups dates back to Glauberman [8, 9] about 50 years ago and was made systematic by Marušič and Nedela [13] in 2001. It was proved in [13] that a group H is concentric if and only if there exist a connected tetravalent graph Γ and a subgroup G of Aut(Γ) such that G is half-arctransitive with vertex stabilizer H. Moreover, Marušič and Nedela gave a characterization of concentric groups in terms of their defining relations [13, Theorem 5.5] and determined the concentric groups of order up to 2 8 [13, Theorem 6.3]. Let H 7 = a 1 , . . . , a 7 | a 2 i = 1 for i 7, (a i a j ) 2 = 1 for |i − j| 4, (a 1 a 6 ) 2 = a 3 , (a 2 a 7 ) 2 = a 4 , (a 1 a 7 ) 2 = a 5 . Theorem 1.3 (Marušič-Nedela) . The following are precisely the concentric groups of order at most 2 8 :
for 3 m 8,
for 7 m 8.
Marušič [12] has shown that every nontrivial elementary abelian 2-group is the vertex stabilizer of a connected tetravalent half-arc-transitive graph. Similar results have been proved for D 8 by Conder and Marušič [4] and for D 8 × C 2 by Conder, Potočnik anď Sparl [5] . Moreover, the first author showed in [17] that D 8 × D 8 and H 7 are both vertex stabilizers of connected tetravalent half-arc-transitive graphs in a response to a problem posed in [13] , and the second author recently proved in [18] 
is the vertex stabilizer of a connected tetravalent half-arc-transitive graph for every integer m 7. In light of these results and Theorem 1.2, we see that the only concentric group of order at most 2 8 that is not known to be the vertex stabilizer of a connected tetravalent half-arc-transitive graph is H 7 × C 2 . In Example 3.2, we apply Theorem 1.1 to construct connected tetravalent half-arc-transitive graphs with vertex stabilizer H 7 × C 2 . This leads to the next theorem. Theorem 1.4. Every concentric group of order at most 2 8 is the vertex stabilizer of infinitely many finite connected tetravalent half-arc-transitive graphs.
We prove Theorem 1.1 in Section 2. Then in Section 3 we construct some connected tetravalent graphs admitting a half-arc-transitive nonabelian simple group action with vertex stabilizer H 7 × C 2 and D 8 × C m−3 2 for m 3, respectively, which will be used in Section 4 to prove Theorems 1.2 and 1.4. In Section 5 we briefly discuss the relevance of our work and a conjecture of Džambić-Jones and Conder concerning faithful amalgams. We also include a natural open problem at the end of Section 5.
Proof of Theorem 1.1
For a group X, let Soc(X) denote the socle of X and let Rad(X) denote the maximal normal solvable subgroup of X. Let Γ be a graph, let G be a vertex-transitive subgroup of Aut(Γ) and let N be a normal subgroup of G. Then the group G induces a vertextransitive subgroup of Aut(Γ/N). Denote by α N and β N the N-orbits containing the vertices α and β, respectively, of Γ. If α N and β N are adjacent in Γ/N, then each vertex in α N is adjacent to the same number of vertices in β N (because N is transitive on both sets). Moreover, the stabilizer in G of the vertex α N in Γ/N is G α N.
Proof of Theorem 1.1. Let Σ and T be as in Theorem 1.1 and let p be a prime number such that p > |T | 2 and p is coprime to |T |. Viewing [15, Corollary 8] and applying [15, Theorem 6] with the prime p, the graph Σ and the group of automorphisms T , we obtain a regular covering projection ℘ : Γ → Σ such that the following hold:
(i) Γ is finite;
(ii) the maximal group that lifts along ℘ is T ; (iii) the group of covering transformations of ℘ is a p-group. Let A = Aut(Γ), let G be the subgroup of A that T lifts to along ℘, and let P be the group of covering transformations of ℘. Then conclusion (iii) shows that P is a p-group, and G/P ∼ = T is nonabelian simple. Since P is a normal solvable subgroup of G, it follows that P = Rad(G). Moreover, we deduce from conclusion (ii) and [15, Lemma 1] that
Since P = Rad(G) is characteristic in G, we derive that P is normal in N A (G), that is, N A (G) N A (P ). Thus it follows from (1) that
We aim to prove that A = G, from which the proof of Theorem 1.1 immediately follows. Assume for a contradiction that A > G.
Let α be a vertex of Γ. Since T is half-arc-transitive on Σ, the group G is half-arctransitive on Γ. This implies that G α is a 2-group and B = GB α is edge-transitive on Γ. It follows that |B : G| = |GB α : G| = |B α : G α | divides |B α |. As B α is a {2, 3}-group and p > |T | 2 5, we infer that p is coprime to |B : G|. Since p is coprime to |T | = |G/P |, we see that P is a Sylow p-subgroup of B. According to Sylow's theorem, the number of
Let K be the core of G in B. Then K ✂ B, K G, and the action of B/K on the set Ω of right cosets of G/K in B/K is faithful and primitive of degree |B : G|. Since both K and P are normal in G, the group KP is normal in G, which implies that KP/P is normal in G/P . As G/P ∼ = T is a simple group, we deduce that either G = KP or K P .
In this case, P ∩ K is a normal subgroup of K with
Note that |G/K| = |KP/K| = |P/(P ∩ K)| is a power of p and G = K by (2) . We have |G/K| = p n for some positive integer n.
Suppose that |B α | is divisible by 3. Then B α is 2-transitive on the neighborhood of α in Γ, and so it follows from a result of Gardiner (see for instance [ 
as G α is a 2-group. We conclude that the Sylow 3-subgroup of B α is elementary abelian of order 3 k 3 3 . The structure of the vertex stabilizer B α is described in [14, Table 1 ], which shows that B α cannot have an elementary abelian Sylow 3-subgroup of order at least 3 3 , a contradiction. Thus B α is a 2-group, and so |B : G| = |B α : G α | is a power of 2, say, |B : G| = 2 ℓ .
Note that ℓ > 1 by (2) .
Since |B : G| = 2 ℓ and |G : K| = p n , we see that B/K has order 2 ℓ p n and thus is solvable. Moreover, as B/K is a primitive group of degree 2 ℓ , it follows that H/K = Soc(B/K) is an elementary abelian group of order 2 ℓ . The reader may find Figure 1 useful at this point. 
Then the number of orbits of C α on the neighborhood of α in Γ is less than 4. It follows that the valency of Γ/C is less than 4 and so must be 1 or 2, being a divisor of 4. Thereby we conclude that B/C Aut(Γ/C) is solvable, a contradiction. Thus C α = 1.
As C α = 1, the orbits of C on V (Γ) have size |C|. Since C is normal in B and B is transitive on V (Γ), it follows that |C| divides |V (Γ)|. Hence |C| divides |G| as G is transitive on V (Γ). In particular, |C| 2 |G| 2 . As |C| 2 = |C/(P ∩ K)| 2 = 2 ℓ and |G| 2 = |G/P | 2 = |T | 2 , we then obtain 2 ℓ |T | 2 . This together with (3) implies that p < |B : G| = 2 ℓ |T | 2 , contradicting our choice of p. As B α is a {2, 3}-group, we obtain |B : G| = 2 ℓ 3 k for some nonnegative integers ℓ and k. If |B α | is divisible by 3, then B α is 2-transitive on the neighborhood of α in Γ and so [7, Lemma 2.3] shows that |B α | divides 2 4 3 6 . Consequently, either ℓ 3 and 1 k 6, or k = 0.
Since K is normal in B, we deduce from (1) that K = P . Hence K < P and so P is a nontrivial p-group. This shows that G is a nontrivial p-group extended by the nonabelian simple group G/P ∼ = T . Then as G is a point stabilizer of the primitive group B of degree |B : G| = 2 ℓ 3 k , it follows from [10] that k = 0 and B is an affine primitive group of degree 2 ℓ . Hence |H| = 2 ℓ , and so H is a {2, p}-group.
Let Then the number of orbits of R α on the neighborhood of α in Γ is less than 4. It follows that the valency of Γ/R is less than 4 and so must be 1 or 2 as it divides 4. Thereby we conclude that B/R Aut(Γ/R) is solvable, a contradiction. Thus R α = 1.
As R α = 1, the orbits of R on V (Γ) have size |R|. Since R is normal in B and B is transitive on V (Γ), it follows that |R| divides |V (Γ)|. Hence |R| divides |G| as G is transitive on V (Γ). In particular, |R| 2 |G| 2 . As |R| 2 = |P H| 2 = |H| 2 = |H/K| 2 = 2 ℓ and |G| 2 = |G/P | 2 = |T | 2 , we then obtain 2 ℓ |T | 2 . This in conjunction with (3) implies that p < |G : B| = |B : G| = 2 ℓ |T | 2 , contradicting our choice of p.
Examples
Recall the standard construction of the coset graph Cos(X, Y, Y SY ) for a group X with a subgroup Y and a subset S such that Y ∩ S = ∅ and Y SY is finite and inverse-closed. Such a graph has vertex set [X : Y ], the set of right cosets of Y in X, and edge set Then letting Σ = Cos(G, H, H{s, s −1 }H), (5) we see that
• Σ is a connected tetravalent graph;
• G acts faithfully and half-arc-transitively on Σ;
• the vertex stabilizer in G is H ∼ = D 8 . H = a 1 , . . . , a 8 | a 2 i = 1 for i 8, (a i a j ) 2 = 1 for |i − j| 5, (a 1 a 7 ) 2 = a 3 , (a 2 a 8 ) 2 = a 4 , (a 1 a 8 ) 2 = a 6 .
Example
Then H = a 1 , a 2 , a 3 , a 4 , a 6 , a 7 
we see that
• Π is a connected tetravalent graph;
• Alt(H) acts faithfully and half-arc-transitively on Π;
. Let m 4 be an integer, if m is odd,
if m is even.
According to [2, Lemma 2.1], the permutation z is an involution. Since z ∈ x, y, R(H) , it follows from x, y, R(H) Alt(H) that z ∈ Alt(H). As x, y and z all fix 1 ∈ H, we may also view them as elements of Alt(H \ {1}) when they cause no confusion. Use ⊔ to denote a disjoint union of sets. 
Hence R(H)xz ⊆ R(H)xyR(H) and R(H)zx ⊆ R(H)yxR(H).
It is direct to verify that Proof of Theorem 1.2. Let m 4 be an integer and let Σ m be the graph defined by (7) . Then as Proposition 3.2 asserts, Σ m is a connected tetravalent graph admitting a half-arctransitive action of A 2 m with vertex stabilizer D 8 × C is the vertex stabilizer of infinitely many finite connected tetravalent half-arc-transitive graphs. By Example 3.1, [4] , [17] and Example 3.2, each of the groups
is the vertex stabilizer of a half-arc-transitive nonabelian simple group acting on a finite connected tetravalent graph. This implies that each of these groups is the vertex stabilizer of infinitely many finite connected tetravalent half-arc-transitive graphs by Theorem 1.1. Hence every group in the list of Theorem 1.3 is the vertex stabilizer of infinitely many finite connected tetravalent half-arc-transitive graphs, and so Theorem 1.4 is true.
Concluding remarks
The reader may have noticed that our key ingredient in this article is [15] . The main results of [15] are rather general and apply to most actions of groups on graphs. Our application of [15] in our work is rather successful, in our opinion, as we consider normal covers of graphs ( †) admitting a nonabelian simple group of automorphisms. Under this extra hypothesis, the results in [15] can be combined with rather strong grouptheoretic results based on CFSG and, as a consequence, we are able to obtain infinite families of graphs having exotic vertex stabilizers. As far as we are aware, this type of constructions is a novelty.
In light of the following conjecture of Džambić and Jones [6] , the hypothesis ( †) does not seem strong. This suggests that Theorem 1.1 could be applied to show the existence of tetravalent half-arc-transitive graphs with other vertex stabilizers as well, and thus sheds light on classifying the vertex stabilizers of finite tetravalent half-arc-transitive graphs.
Conjecture 5.1. If A and B are finite groups with intersection C of index at least 2 in A and at least 3 in B, then all but finitely many alternating groups are homomorphic images of the amalgamated free product A * C B.
Remark. This conjecture was also presented by Marston Conder in several conference talks. In fact, Marston Conder has a stronger conjecture [3] .
We conclude this section by giving a natural generalization of the example in Subsection 3.2. Let m 7 be an integer and let H = a 1 , . . . , a m | a 2 i = 1 for i m, (a i a j ) 2 = 1 for |i − j| m − 3, (a 1 a m−1 ) 2 = a 3 , (a 2 a m ) 2 = a 4 , (a 1 a m ) 2 = a m−2 .
Then H = a 1 , a 2 , a 3 , a 4 , a m−2 , a m−1 , a m × a 5 , . . . , a Denote the right regular representation of H by R. Inspired by [17] and the results in Subsection 3.2, we make the following conjecture. is a connected tetravalent graph on which the right multiplication action of Alt(H) is half-arc-transitive.
If this conjecture is true then Theorem 1.1 will imply that for every integer m 7 there exist infinitely many finite connected tetravalent half-arc-transitive graphs with vertex stabilizer H 7 × C m−7 2 .
